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A:{0,1,2}% - {0,1,2}®

5182...55 = A(lilr... Ig)

ts if i=8
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Introduction
pre-compressing

Previous works
Definitions

Previous work

° introduced the notion
of vincular patterns

o essentially all well-known Mahonian permutation statistics
can be written as combinations of such patterns
e other combinations of vincular patterns are still Mahonian

We give an alternative proof based on several code transforms
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Definitions

o € G is a (classical) pattern of 7 € &, k < n, if there is a
sequence

1<ihi<b<---<ik<n

such that
Ty Ty = T

is order-isomorphic to o.

Patterns will be written as words over the alphabet {a, b,c, ...}
based on the usual orderinga< b<c---.
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Introduction )
pre-compressing

Previous works

Definitions

Vincular patterns are generalizations of classical patterns:

@ The absence of a — means that the corresponding letters
must be adjacent

ca — b is a pattern of 652413
cab

@ Patterns may end with | (begin with [) these indicate that
they are required to end at the last letter (begin at the first
letter) in a permutation.

ca— b is a pattern of 652413
cab)

Example

Example
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(c+74+- )7
denotes the number of occurrences of these patterns in =

becomes a permutation statistic
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Previous works

Definitions

A statistic on &,
&, — N

For a permutation = and a set of patterns {o, 7, ...},

(c+74+- )7
denotes the number of occurrences of these patterns in =

becomes a permutation statistic
Example

INVT = (b—a)m,
and

MAJT = ((a — ¢cb) + (b — ca) + (¢ — ba) + (ba)) ,
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Definitions

Pointed pattern is the pattern o together with a privileged
element ¢th one

0‘10'2...ﬂ...o'k

denotes the number of occurrences of the pattern ¢ in the
permutation 7, where the role of o, is played by ;.
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Introduction .
pre-compressing

Previous works

Definitions

Pointed pattern is the pattern o together with a privileged
element ¢th one

0‘10'2...ﬂ...o'k

denotes the number of occurrences of the pattern ¢ in the
permutation 7, where the role of o, is played by ;.
Example if r =245136, then

@ (b—ac)sm=2
@ (b—ac)sm=1.
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pre-compressing

Previous works

Definitions

(o) = (o)
i=1

for any pointed pattern o corresponding to o
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pre-compressing

Previous works
Definitions

Lehmer’s code

An integer sequence k... I, is subexcedent if

0<t<i—1

The set of n-length subexcedent sequences is

Sp={0} x{0,1} x...x{0,1,...,n—1}.
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Previous works
Definitions

Definition
A permutation code is a bijection

code: G, — S,

Definition
The Lehmer code is a bijection

L o Gn — Sn
which maps

Mo ... Tp— Hb... Iy

where t; is the number of inversions (j, i) in =
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pre-compressing

Previous works
Definitions

Definition
A permutation code is a bijection

code: G, — S,

Definition
The Lehmer code is a bijection

L o Gn — Sn
which maps

Mo ... Tp— Hb... Iy

where {; is the number of inversions (j, /) in = (or equivalently,
the number of entries in 7 larger than 7; and at its left)
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pre-compressing

Previous works

Definitions

N,
w w

Example

ti=((b—ca)+ (c—ab)+ (c— ba)+ (ba));,

INVT = ((b—ca)+ (c— ab) + (c — ba) + (ba)) ©
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If the function
A CN R /)

where
ti=(+7-)im for1 <i<n,

is a permutation code, then we say that the set of patterns
{o,7,...} induces a permutation code
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pre-compressing
Previous works
Definitions

If the function
A CN R /)

where
ti=(+7-)im for1 <i<n,

is a permutation code, then we say that the set of patterns
{o,7,...} induces a permutation code

The Lehmer code L is induced both by the set of patterns
e {b—a}
@ {c—ba,b— ca,c— ab, ba}
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Definitions

For each permutation code = — tit; - - - t, we can associate
naturally a Mahonian statistic sT on &, defined by

n
STm = Z f
i=1
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Introduction .
pre-compressing

Previous works

Definitions

For each permutation code = — tit; - - - t, we can associate
naturally a Mahonian statistic sT on &, defined by

n
STm = Z f
i=1

In addition, if the set of patterns {o, 7,...} induces a
permutation code, then the statistic

T (c+71-)w

is Mahonian
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Results

Main results

We call a bijection from S, onto itself a code transform.

AT, OANT,V:S,— S,
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Results

Main results

We call a bijection from S, onto itself a code transform.
AT, ONT VS, — S,

Definition (V. V. 2011)

A(t) =818+ 8p

(—tiq) modi if 1<i<n
S; = . ,
th if I =n.
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Results

Proposition
A s a code transform

(s =ty

f— Sn if I=n
"7l (tigq+s) modi if 1<i<n
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Results

Proposition
A s a code transform

A Y(s)=tt- 1y

to— Sn if i=n
"7l (tigq+s) modi if 1<i<n

Example 3 3 3
P 0 0 3
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Results

For a permutation 7= € &, with L(x) its Lehmer code, we call
A(L(7)) € S, McMahon code of 7.
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For a permutation 7= € &, with L(x) its Lehmer code, we call
A(L(7)) € S, McMahon code of 7.

Proposition (V.V. 2011)

If s18o - - - sy is the McMahon code of m € &, then

n
MAJ T = Z Si
i=1
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Corollary (V.V. 2011)

Form € &,, the McMahon code s = s1Sp - - - Sp Of w is given by:

[ ((a—cb)+(b—ac)+(c—ba))m if i#n
S'_{ (b—aln if i=n
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Corollary (V.V. 2011)

Form € &,, the McMahon code s = s1Sp - - - Sp Of w is given by:

[ ((a—cb)+(b—ac)+(c—ba))r if i#n
S’_{ (b—aln if i=n

Corollary

Form € G,
Q@ vasr = ((a—cb)+ (b—ac)+ (c — ba) + (b— a]) ,
@ If the McMahon code of 7 is 8185 - - - Sp, then

n—1
((a—cb) + (b—ac)+ (c—ba)m= > s
i=1
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Results

Ifo, 7 € &, are two permutations with their McMahon codes
differing only in the last position, then o; # 7; forall i, 1 < i < n.
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Ifo, 7 € &, are two permutations with their McMahon codes
differing only in the last position, then o; # 7; forall i, 1 < i < n.

V.

Theorem (B. S./F. Z.)
The following statistic is Mahonian

(a—cb)+ (b—ac)+ (c—ba)+ [b—a)
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Proof
If p1po - - - pn_1pn is the McMahon code 7 = mymo - - - 7mh € &y
then

n—1
((a—cb)+ (b—ac)+(c—ba)+[b—a)m=> pj+ (w1 —1)
i=1

T PPz Pot(m — 1)

is an injection and so (by cardinality reasons) a permutation
code
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Results

((a—cb)+ (b—ca) + (c — ba) + (ba))m = MAJ T
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((a—cb)+ (b—ca) + (c — ba) + (ba))m = MAJ T

Letm = mymo---mph € Gp. If T € &,_1 is the reduction of
o -+ -, then

((a—cb)+(b—ca)+(c—ba)m = MAIT
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((a—cb)+ (b—ca) + (c — ba) + (ba))m = MAJ T

Remark

Letm = mymo---mph € Gp. If T € &,_1 is the reduction of
o -+ -, then

((a—cb)+(b—ca)+(c—ba)m = MAIT

Theorem (B. S./F. Z.)
The following statistic is Mahonian

(a—cb)+ (b—ca)+ (c—ba)+[b—a)

Vincent VAJNOVSZKI Lehmer code transforms and Mahonian statistics on permutations



Results

Proof
Form =mym---mh € &, let T € G,_1 be the reduction of
o -+ - mp and define s = 5185 - - - 85 € S, by:
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Results

Proof
Form =mym---mh € &, let T € G,_1 be the reduction of
o -+ - mp and define s = 5185 - - - 85 € S, by:

@ S51S>---8p_1 is the McMahon code of r, and
@ Sp = ™ — 1.
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Results

Proof
Form =mym---mh € &, let T € G,_1 be the reduction of

o -+ - mp and define s = 5185 - - - 85 € S, by:
@ S51S>---8p_1 is the McMahon code of r, and

o Sn =T — 1
The map 7 — s is a permutation code.
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Results

Proof
Form =mym---mh € &, let T € G,_1 be the reduction of
o -+ - mp and define s = 5185 - - - 85 € S, by:
@ S51S2---Sy_1 is the McMahon code of 7, and
@ sp=m — 1.
The map 7 — s is a permutation code.

En:s,-:((a—cb)+(b—ca)+(c—ba)+[b—a))7r
i=1

Vincent VAJNOVSZKI Lehmer code transforms and Mahonian statistics on permutations



Results

Definition

F(t)=s152---5p

s — Iy if i=1
T (l‘,',1—t,') mod/j if 1<i<n
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Results

Definition
M(t)=5182---8p

. 4 if i=1
T (l‘,',1—t,') mod/j if 1<i<n

Proposition
I" is a code transform

SZKI Lehmer code transforms and Mahonian statistics on permutations



Results

Definition

F(t)=s152---5p

. 4 if i=1
T (l‘,',1—t,') mod/j if 1<i<n

Proposition
I" is a code transform

(s)=tt---t

t— Sn if i=n
"7l (tipq+s) modi o if 1<i<n
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Results

—_
O -
N w
o w
o w
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Theorem (B. S.)
The following statistics is Mahonian

STAT = (@ — ¢b) + (b — ac) + (¢ — ba) + (ba)
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Results

Proof
Let 7 € &, and t its Lehmer code and s = I'(t)
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Results

Proof
Let 7 € &, and t its Lehmer code and s = I'(t)

o Sl i >
(b aC)’”_{ 0 if tiq<t
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Proof
Let 7 € &, and t its Lehmer code and s = I'(t)

o Sl i >
(b aC)’”_{ 0 if tiq<t

0 if i_1>14

((a—cb) +(c—ba)+ (ba))im = { i+t —t it g <t
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Proof
Let 7 € &, and t its Lehmer code and s = I'(t)

o Sl i >
(b aC)’”_{ 0 if tiq<t

0 if i_1>14

((a—cb) +(c—ba)+ (ba))im = { i+t —t it g <t

Si=(tic1—t) modi,if1<i<n
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Proof
Let 7 € &, and t its Lehmer code and s = I'(t)

PR i /AT (| S AR
(b aC)’”_{ 0 if tiq<t

I+t —t if 1<t

((a—cb)+(c—ba)+<ba>>,w:{. 0 if fig>t

Si= (i1 —t) modi, if1<i<n

((a—cb) + (b— ac) + (c — ba) + (ba)) W—ZS,
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Results

0 if i_1>14

((a—cb) +(c—ba)+ (ba))im = { i+t —t if tiq<t
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Results
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Results

(b—ca)im =t —ti4—1
((a—cb) + (c—ba))im
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Results

(b—CQ),'ﬂ' =t—t_q4—1
((a—cb)+(c—ba))im =(i—2)—(ti—ti1—1)
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(b—ca)m =t—t_4—1
((a—cb)+(c—ba))im =(i—2)— (i —ti1—1)
((@a—cb)+(c—ba)+ (ba)im=i+ti1—1t
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Results

i
((a—cb) +(c—ba)+ (ba))im=i+ti1—t
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Results

Definition

O(t) = 81828

t if i=1
Si = t_q—t if t_q4>tand1<i<n
f if ti_q<tand1l<i<n
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Results

Definition

O(t) = 81828

t if i=1
Si = t_q—t if t_q4>tand1<i<n
f if ti_q<tand1l<i<n

Proposition
© is a code transform
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Results

0 (s) =t -t
Sq if i=1
l = S; if fi_q1<siand1<i<n
_q1—s; if ti_qy>s;jand1 <i<n.
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0 (s) =t -t

Sq if i=1
l = S; if fi_q1<siand1<i<n
_q1—s; if ti_qy>s;jand1 <i<n.
Examole L= 011 3 3 3
P’ o)= 0 1 0 3 0 0
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0 (s) =t -t

Sq if i=1
l = S; if fi_q1<siand1<i<n
_q1—s; if ti_qy>s;jand1 <i<n.
Examole L= 011 3 3 3
P’ o)= 0 1 0 3 0 0

Theorem (B. S.)

The following statistics is Mahonian

sTAT' = (b — ac) + (b — ca) + (¢ — ba) + (ba)
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Results

Proof

[RPURNUR /AT (R | N AR
(b aC)’”_{ 0 if fig<t
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Proof
s=0(1)

[RPURNUR /AT (R | N AR
(b aC)’”_{ 0 if fig<t

0 if ti_q4 >4

(b~ ca)+(o—ba) +ban={ | it 1121
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Proof
s=0(1)

[RPURNUR /AT (R | N AR
(b aC)’”_{ 0 if fig<t

[0 g >t
((b—ca)+(c—ba)+(ba)),vr—{ bt tg <t

((b— ac) + (b — ca) + (¢ — ba) + (ba) W_Zs,
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Results

Definition

A(t) =818+ 8p
l if i=1
f if ti_qy>tand1<i<n
i+t_1—t if ti_y<tand1<i<n

Si
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Results

Definition

A(t) =818+ 8p
l if i=1
Sj = f if ti_qy>tand1<i<n
i+t_1—t if ti_y<tand1<i<n

Proposition
N\ is a code transform
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Results

ANYs) =ttty

Sq if i=1
i = i+t_1—5 if ti_i<sjand1<i<n
Si if _1>8 and1<i<n
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ANYs) =ttty

Sq if i=1
i = i+t_1—5 if ti_i<sjand1<i<n
Si if _1>8 and1<i<n

Examole L= 0 12023
P Al)= 0 1 2 0 3 5
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ANYs) =ttty

Sq if i=1
i = i+t_1—5 if ti_i<sjand1<i<n
Si if _1>8 and1<i<n

Examole L= 0 12023
P Al)= 0 1 2 0 3 5

Theorem (B. S.)
The following statistics is Mahonian

staT” = (a— cb) + (c — ab) + (c — ba) + (ba)
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Results

Proof

tatistics on permutatiol



Results

Proof
s=A(t)

RPVRNUREE B /I G /AR
(c ab)’”_{ 0 if tiq<t
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Proof
s=A(t)

RPVRNUREE B /I G /AR
(c ab)’”_{ 0 if tq<t

0 if 1>

((a—cb)+ (¢~ ba) + (ba))im = { ittt if tiq<t
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Proof
s=A(t)

RPVRNUREE B /I G /AR
(c ab)’”_{ 0 if tq<t

0 if 1>

((a—cb)+ (¢~ ba) + (ba))im = { ittt if tiq<t

((a— cb)+(c—ab)+(c—ba)+(ba))7r:is,~
i=1
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Results

For any integer n and permutation = € &, we have

(b—-ca)+ (ba))m=((b—ac)+(b—a])w
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For any integer n and permutation = € &, we have

(b—ca)+ (ba))m=((b—ac)+ (b—a])w

Proof
MAJT = ((a—cb)+ (b—ca)+ (c— ba)+ (ba))«
= ((@a—cb)+(b—ac)+(c—ba)+ (b—a])w
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Definition

Results

T(t) =58182---8p

i—ti—1 if fi<tiqyand1<i<n
S; = ti—tyq if t>tqand1<i<n
ty if i=n
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Results

Definition

T(t) =5182---8p
i—ti—1 if fi<tiqyand1<i<n

S; = ti—tyq if t>tqand1<i<n

tn lf I =n
Proposition
T is a code transform
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Results

Remark

T s) =ttty

h = iy +s if tiq+s<i—1and1<i<n
i—1—s; if tii1+s>i—1and1<i<n
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Results

T s) =ttty

h = iy +s if tiq+s<i—1and1<i<n
i—1—s; if tii1+s>i—1and1<i<n

L= 0 13 3 3

Example

1
T(L)= 0 0 1 0 0 3
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Results

Remark

T s) =ttty

h = iy +s if tiq+s<i—1and1<i<n
i—1—s; if tii1+s>i—1and1<i<n

L= 01 13 3 3
T(L)= 0 0 1 0 0 3

Example

Theorem (B. S.)

The following statistics is Mahonian

(a—cb)+ (b—ca) + (b— ca) + (ba)
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Proof Let 7 € &, with its Lehmer code t = ti,-- - t, and
S=518 S ="T(1)

== i <ty
((a_cb)+(b—ca))ﬂf{ 0 if & >t

- 0 if & < fipq
(b ac),ﬂ—{ i—tig if 6>ty

Vincent VAUINOVSZKI
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[ ((a—cb)+(b—ac)+ (b—ca))r if i#n
&_{ (b—aln if i=n.

((a—cb)+ (b—ca)+ (b—ca)+ (ba))m =
((@a—cb)+(b—ac)+(b—ca)+(b—a])m =
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Results

Definition

V(t) =58182---8p
liygg—ti—1 if ti<tiqand1<i<n
S = f if t>tqand1<i<n
ty if i=n.
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Results

Definition

V(t) =58182---8p
liygg—ti—1 if ti<tiqand1<i<n
S = f if t>tqand1<i<n
ty if i=n.

Proposition
V js a code transform
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Results

Remark

v l(s) =ttty

l = S; if si>tiqand1<i<n
iy —si—1 if si<tiiand1<i<n
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Results

v (s) =ttt

if S,-Et,-+1and1§i<n

ti = Si
iy —si—1 if si<tiiand1<i<n
Example L= o1 2 1 2 3
P wiy=0 0 2 0 0 3
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Results

Remark

v l(s) =ttty

l = S; if si>tiqand1<i<n
iy —si—1 if si<tiiand1<i<n

Theorem (B. S.)
The following statistics is Mahonian

(b—ca)+ (b—ca)+ (c — ab) + (ba)
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Proof
Let r € &, with its Lehmer code t = 1> - - - t, and
§=581S2---S; = V(t). We have

) - [0 <t
((b—ac)+(c ab))l”—{ i if 6>t

and
oy i =i < iy
(b—ca)im = { 0 if >t
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[ ((b—ac)+(b—ca)+(c—ab))m if i#n
S'_{ (b—a|w if i=n

(b—ca)+ (b—-ca)+ (c—ab)+ (ba))m =

(b—ac)+(b—ca)+(c—ab)+(b—a)m=
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Summary

Summary

statistic transform

(b-a)
(b—ca)+ (c— ab) + (c — ba) + (ba)

INV )
MAJ (a—cb) + (b—ca) + (¢ — ba) + (ba)

(a—cb)+ (b—ac)+(c—ba)+ (b— 4 A

S | (a—cb)+(b—ac)+ (c—ba)+[b—a)

Sy | (a—cb)+(b—ca)+ (c—ba)+[b—a)
STAT (a—cb)+ (b— ac) + (c — ba) + (ba) r
sTa” | (b—ac)+ (b—ca)+ (¢ — ba) + (ba) C)
stat” | (a—cb)+ (c — ab) + (c — ba) + (ba) A
(a—cb) + (b—ca)+ (b— ca) + (ba) T
(b—ca)+ (b—ca)+ (c — ab) + (ba) \

Vincent VAJNOVSZKI Lehmer code transforms and Mahonian statistics on permutations



Remarks

Final remarks

‘What is the time complexity to compute (a — cb) 7?7’
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Remarks

Final remarks

‘What is the time complexity to compute (a — cb) ©?’
‘O(r?y
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Remarks

Final remarks

‘What is the time complexity to compute (a — cb) 7?7’
‘O(n?)
L(7): nlogn
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Remarks

Final remarks

‘What is the time complexity to compute (a — ¢cb) 7’
‘O(nz)y

L(m): nlogn

(a—cb)m =3 (v+2-sTar” — 2. INVT — des) 7 nlog n
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Remarks

Final remarks

(a—cb)m =3 (v+2-sTAT" =2 INV7 — des)
(b—ac) = (STAT —MAJ) T+ § - (v+2-STAT” —2-INV —des) 7
(b—ca)m =3 (v+INV—STAT” —des) 7

(c—ab)m =4 (v+INV+2.STAT” —des) T — MAJT,
(c—ba)m =mMAIT + 3 -(INV —2-v — sTAT” — des) 7, and
(a—bc)m = % — X, with x the sum of the previous
five statistics.
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Remarks

Linear dependency

STATT = STAT ™ + STAT' T — INV T
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Remarks

Linear dependency

STATT = STAT ™ + STAT' T — INV T
Sym=8S>7m+STATT —MAJT
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Remarks

Linear dependency

STATT = STAT ™ + STAT" ™ — INV 7
Sym = Spm+ STATT —MAJ T = (STAT — des) 7w — my — 1
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Remarks

Linear dependency

STATT = STAT ™ + STAT" ™ — INV 7
Sym = Spm+ STATT —MAJ T = (STAT — des) 7w — my — 1

Constructive bijections

{m € &p|sTaTT = k} — {7 € &|STAT' ™ = k}
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Remarks

Linear dependency

STATT = STAT ™ + STAT" ™ — INV 7
Sym = Spm+ STATT —MAJ T = (STAT — des) 7w — my — 1

Constructive bijections

{m € &p|sTaTT = k} — {7 € &|STAT' ™ = k}

defined by
=L o0 ol oL(n)

Vincent VAJNOVSZKI Lehmer code transforms and Mahonian statistics on permutations



Remarks

arxiv.org/abs/1203.3964
http://v.vincent.u-bourgogne. fr/0ABS
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Remarks

arxiv.org/abs/1203.3964
http://v.vincent.u-bourgogne. fr/0ABS

Thank you !
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