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Take a combinatorial sequence (m,),>0 with mg = 1.

Question: When is there a probability measure 11 on R such that Vn,

m,,:/x"d,u(x) ?
R

Eg. nl = [;°x"e *dx
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Take a combinatorial sequence (m,),>0 with mg = 1.

Question: When is there a probability measure 11 on R such that Vn,

m,,:/x"d,u(x) ?
R

Eg. nl = [;°x"e *dx

Answer: (Hamburger, 100 years ago) 1 exists iff the Hankel matrices

mo my e mp

mq moy cee Mpyg
H, =

mp  Mpyr ... Map

are positive semi-definite for all n > 1.
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/ x"exp(—x) dx
0

-1
> KT

k>0

Var

2 2nv4'7X2
xnl =

(oo} _22
X2nE‘Xp(X/)

dx

dx

# permutations on [n]

# set partitions on [n]

# perfect matchings on [2n]

5o 555 TTOTD0

12 3 4 5 6 7 8 9 10 11 12

# non-crossing perfect matchings on [2n]
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Classical CLT

Theorem
Let X1, Xa, ... be i.i.d. with E(X;) =0 and E(X?) = 1. Then

Sy = \%N va:l X; < N(0,1). Equivalently,

lim E(Sy~') =0,

N—oo

lim E(Sy) =(@n—1)1:=(2n—-1)(2n—3)---5-3-1

Zlﬁm

TEP2(2n) 1.2 3 4 5 6 7 8 9 10 11 12

Proof.
Product of sums as a sum of products:

1
ESW) =z > B Xiw)
i(1),...,i(k)E[N]
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1
E(Sy) = NFZ > E(Xiq) - Xig)-
i(1),. i (K)EIN]

Independence = factorization. E.g.
E(X10Xe X1 X1) = E(X?)E(XS)

Independence + identical distribution = same repetition patterns
yield identical mixed moments. E.g.

E(Xi X2 Xo X1 X1 ) = B(X5 X3 X3 X5 Xs)
[ ] =]

E(X) =0 = partitions with a singleton don't contribute.
Remaining partitions with a block of size > 3 are too few (o(N/2)).
Hence, only pair partitions (©(N/2) for k even) appear in the limit
and
Jim E(S7Y) =0, lim E(Sy) = ) L
TEP2(2n) — 5/39



Comm. rel.

Law of a; + &}

CLT & Moments

on @, H®"
aat — ata; =0, Classical CLT
s ’ N(0,1)
Fock 1932, Segal 1956 5> 555 TS0
X1, Xo, ... tid”
i . g-Gaussian E(X;) = 0,E(X?) =1
ajaj — qaja; = 0i; gel-1,1] XiX; = s(j, )X;Xi

Physics ‘50s/'70s
Maths ‘90s
Bozejko & Speicher 1991

a=1

o ]
o f ‘i 1

s(j,i) e {-1,1}

X1t +Xn 2
NG — g-Gauss

Speicher 1992

ﬁm

q#crossings
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q=067
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VN
Speicher 1992

ﬁm

F#crossings

q
6/39



Comm. rel.

Law of a; + &}

CLT & Moments

on @, H®"
aat — ata; =0, Classical CLT
s ’ N(0,1)
Fock 1932, Segal 1956 5> 555 TS0
X1, Xo, ... tid”
i . g-Gaussian E(X;) = 0,E(X?) =1
ajaj — qaja; = 0i; gel-1,1] XiX; = s(j, )X;Xi

Physics ‘50s/'70s
Maths ‘90s
Bozejko & Speicher 1991

q=050

s(j,i) e {-1,1}

Xt Xy s g-Gauss

VN
Speicher 1992

ﬁm

F#crossings

q
6/39



Comm. rel.

Law of a; + &}

CLT & Moments

on @, H®"
aat — ata; =0, Classical CLT
s ’ N(0,1)
Fock 1932, Segal 1956 5> 555 TS0
X1, Xo, ... tid”
i . g-Gaussian E(X;) = 0,E(X?) =1
ajaj — qaja; = 0i; gel-1,1] XiX; = s(j, )X;Xi

Physics ‘50s/'70s
Maths ‘90s
Bozejko & Speicher 1991

q=033

s(j,i) e {-1,1}

Xt Xy s g-Gauss

VN
Speicher 1992

ﬁm

F#crossings

q
6/39



Comm. rel.

Law of a; + &; CLT & Moments

on @, H®"
aat — ata; =0, Classical CLT
s ’ N(0,1)
Fock 1932, Segal 1956 5> 555 TS0
X1, Xo, ... tid”
i . g-Gaussian E(X;) = 0,E(X?) =1
ajaj — qaja; = 0i; gel-1,1] XiX; = s(j, )X;Xi

Physics ‘50s/'70s
Maths ‘90s
Bozejko & Speicher 1991

q=017: S(j, I) S {—1,1}

X1t +Xn 2
NG — g-Gauss

Speicher 1992

ﬁm

q#crossings
6/39



Comm. rel.

Law of a; + &}

CLT & Moments

on @, H®"
aat — ata; =0, Classical CLT
s ’ N(0,1)
Fock 1932, Segal 1956 5> 555 TS0
X1, Xo, ... tid”
i . g-Gaussian E(X;) = 0,E(X?) =1
ajaj — qaja; = 0i; gel-1,1] XiX; = s(j, )X;Xi

Physics ‘50s/'70s
Maths ‘90s
Bozejko & Speicher 1991

q=

0

s(j,i) e {-1,1}

X1t +Xn 2
NG — g-Gauss

Speicher 1992

ﬁm

q#crossings
6/39



Comm. rel.

Law of a; + &}

CLT & Moments

on @, H®"
aat — ata; =0, Classical CLT
s ’ N(0,1)
Fock 1932, Segal 1956 5> 555 TS0
X1, Xo, ... tid”
i . g-Gaussian E(X;) = 0,E(X?) =1
ajaj — qaja; = 0i; gel-1,1] XiX; = s(j, )X;Xi

Physics ‘50s/'70s
Maths ‘90s
Bozejko & Speicher 1991

q=

0

s(j,i) e {-1,1}

X1t +Xn 2
NG — g-Gauss

Speicher 1992

ﬁm

q#crossings
7/39



Comm. rel.

Law of a; + &}

CLT & Moments

on @, H®"
aat — ata; =0, Classical CLT
s ’ N(0,1)
Fock 1932, Segal 1956 5> 555 TS0
X1, Xo, ... tid”
i . g-Gaussian E(X;) = 0,E(X?) =1
ajaj — qaja; = 0i; gel-1,1] XiX; = s(j, )X;Xi

Physics ‘50s/'70s
Maths ‘90s
Bozejko & Speicher 1991

q=-017

s(j,i) e {-1,1}
Xi+...4X
W — g-Gauss
Speicher 1992

ﬁm

q#crossings
7/39



Comm. rel.

Law of a; + &}

CLT & Moments

on @, H®"
aat — ata; =0, Classical CLT
s ’ N(0,1)
Fock 1932, Segal 1956 5> 555 TS0
X1, Xo, ... tid”
i . g-Gaussian E(X;) = 0,E(X?) =1
ajaj — qaja; = 0i; gel-1,1] XiX; = s(j, )X;Xi

Physics ‘50s/'70s
Maths ‘90s
Bozejko & Speicher 1991

q=-033

[

s(j,i) e {-1,1}
Xi+...4X
W — g-Gauss
Speicher 1992

ﬁm

q#crossings
7/39



Comm. rel.

Law of a; + &}

CLT & Moments

on @, H®"
aat — ata; =0, Classical CLT
s ’ N(0,1)
Fock 1932, Segal 1956 5> 555 TS0
X1, Xo, ... tid”
i . g-Gaussian E(X;) = 0,E(X?) =1
ajaj — qaja; = 0i; gel-1,1] XiX; = s(j, )X;Xi

Physics ‘50s/'70s
Maths ‘90s
Bozejko & Speicher 1991

q=-050

M

s(j,i) e {-1,1}
Xi+...4X
W — g-Gauss
Speicher 1992

ﬁm

q#crossings
7/39



Comm. rel.

Law of a; + &; CLT & Moments

on @, H®"
3:3% —a*2: = 4§ : Classical CLT
L ! N(0,1)
Fock 1932, Segal 1956 e
X1, Xo, ... tid"
. . g-Gaussian E(X;) = 0,E(X?) =1
ajaj — qaja; = 0i; gel-1,1] XiX; = s(j, )X;Xi
Physics ‘50s/'70s a=e7 s(j,i) e {-1,1}

Maths ‘90s
Bozejko & Speicher 1991

X1t +Xn 2
NG — g-Gauss

Speicher 1992

ﬁm

q#crossings
7/39



Comm. rel.

Law of a; + &; CLT & Moments

on @, H®"
3:3% —a*2: = 4§ : Classical CLT
L ! N(0,1)
Fock 1932, Segal 1956 e
X1, Xo, ... tid"
. . g-Gaussian E(X;) = 0,E(X?) =1
ajaj — qaja; = 0i; gel-1,1] XiX; = s(j, )X;Xi
Physics ‘50s/'70s a=om s(j,i) e {-1,1}

Maths ‘90s
Bozejko & Speicher 1991

X1t +Xn 2
NG — g-Gauss

Speicher 1992

ﬁm

q#crossings
7/39



Comm. rel.

Law of a; + &}
on @, H®"

CLT & Moments

a,-aj-‘ — afa,- = (5,"1'

Fock 1932, Segal 1956

Classical CLT

mm

a,-a;-‘ — qafa,- = (5,"1'

Physics ‘50s/'70s
Maths ‘90s
Bozejko & Speicher 1991

X1, Xo, ... tid"
E(X;) = 0,E(X?) = 1
X,')(j = S(j, I)X,X,
5(j, I) € {_17 1}
Xt — g-Gauss

Speicher 1992

ﬁm

q#crossings
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* * 4N
aja; —qaja =t 0i

Physics ‘90s
Bozejko & Yoshida '06
B. 2012 JFA

‘(g, t)-Gaussian’
gl <t

Il Y A

&

X,‘E)(,‘El — Il,telje(j, I-))(je/Xie
Ne’,e(ja ’) eR
B. 2014 AIHP

mm

q#crossings t#nestings

a,-aj’-k — qaj’f‘a;
= (S,',j + a(e;, I'Ioej>q
Bozejko, Ejsmont,

& Hasebe 2015

2N

‘type B’ Gaussian
q,a € (_17 1)

XiXj = s(j, 1) X;Xi

YiY;=s(,i)Y;Yi

XiY;=r(j,1)Y;Xi
S(ja i))r(ja i) € {_171}
B. - Ejsmont 2019 JMAA
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> 2n eXp(_X2/2)
——=d
/_oO x V2T x

# perfect matchings on [2n]

5> 555 TTDo

12 3 4 5 6 7 8 9 10 11 12

/ SN

= # non-crossing perfect matchings on [2n]

~1
e o
Z k"ﬁ = 4 set partitions on [n]
k>0 '
oo
/ x"exp(—x) dx = # permutations on [n]
0

(1) Which combinatorial refinements give rise to moment sequences?

(2) Which ones of those have a deeper meaning?
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A combinatorial perspective on positivity

(B. & Steingrimsson '21)

Represent o € S, in 2-line notation: i [top] + o(i) [bottom]

o = 597126843
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Definition (B. & Steingrimsson '21)
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Theorem (B.-Steingrimsson, 2021) As formal power series,

C(z) =

Z Z aiIe(U) bnile(a)Cie(a)file(o)dnie(a)fnile(o) filae(o')gnilae(a) hiae(o)filae(a)

n>0o0cS,

% éniae(a)7nilae(a)pexc(a)fle(a) raexc(a)flae(a)sle(cr) tlae(a) ufp(a) Wiefp(o)zn

1
a p12?
1-— apZ —
Brz?
1-— a1Z —
with o = uw” + s [nap + t[n]f g, Bn=prnlcdlnlne

n—1
where [n],, = Zxkynilik- (For x # y, [nl«y = Xx:;{n )
k=0
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Exhibit a bijection:

13/39



€ bijection

Related to/extends:

Francon-Viennot 1979
Foata-Zeilberger 1990
Biane 1993

de Médicis-Viennot 1994

Simion-Stanton 1994

Clarke-Steingrimsson-Zeng 1996
Randrianarivony 1998
Elizalde 2018

Contemporaneous: Sokal & Zeng 2020 (arXiv:2003.08192, 122 p.).
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Elizalde 2018

Contemporaneous: Sokal & Zeng 2020 (arXiv:2003.08192, 122 p.).

Lancaster, 6-10 June 2022
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Quick example

C:S:t:U:O,a:b:d:f:g: :W=p:r:1
Free parameter: h.

No: fixed points, linked excedances, linked antiexcedances, inversions
among excedances.

Yes: ftinversions among anti-excedances
n=4:
>3 — W
X X NV,
S w
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Another quick example

c=s=t=u=0,a=b=d=f=g=w=p=r=1.
Free parameters: h, /.

No: fixed points, linked excedances, linked antiexcedances, inversions
among excedances.

Yes: h#inversions among anti-excedances g#restricted non-inversions among anti-excedances

SKC WU
XX oo
S W
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More examples

Set ..
e _p_artltlons by # blocks Poisson

(Stirling, second kind)

Non-crossing set partitions by

Free Poisson (Marchenko-Pastur)
# blocks (Narayana)

Eulerian polynomials 3 _ gde(*) Geometric

Derangements e.g. Martin & Kearney '15
Alternating permutations Sokal '18

Little Schroeder numbers Miotowski & Penson '13
k-arrangements Shifted exponentials

Inv, Exc, FP on k-colored perm. B. & Steingrimsson '21

17 /39



Fix a,b,c,d,f, g, h,{,p,r,s, t,u,w € R and let

m, = Z aile(o)bnile(a)Cie(a)file(a)dnie(o)fnile(o') filae(o)gnilae(a)hiae(o)filae(o)
oecSh

~ Eniae(a)—nilae(a)pexc(ﬂ)—le(n) raexc(a)—lae(a)sle(a) tlae((r) ufp(a) Wiefp(o) )

Is (m,) a moment sequence of some positive Borel measure on R?
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Fix a,b,c,d,f, g, h,{,p,r,s, t,u,w € R and let

m, = Z aile(o)bnile(a)Cie(a)file(a)dnie(o)fnile(o') filae(o)gnilae(a)hiae(o)filae(o)
oecSh

~ Eniae(a)—nilae(a)pexc(ﬂ)—le(n) raexc(a)—lae(a)sle(a) tlae((r) ufp(a) Wiefp(o) )

Is (m,) a moment sequence of some positive Borel measure on R?

1

C(Z): :mo—|—mlz+m222—|—...

B12°

1—apz—
Baz?
l1—ai1z—
with

an=uw"+s[nlap+t[nlrg, Bn=prnlcdlnlne
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Answer:

If B1,...,8k—1>0and B, =0 for all n > k, measure supported on k
elements.

If 3, > 0 for all n, measure exists (need not be unique).
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Answer:

If B1,...,8k—1>0and B, =0 for all n > k, measure supported on k
elements.

If 3, > 0 for all n, measure exists (need not be unique).

Perspective 1: Hamburger moment problem

mo m .. my
my moy cee Mpyg

Hy = det | .| = (B1)"(B2)""" .. (Bn-1)?Bn > 0
mp  Mpyr ... Map

n+1

E.g. Partitions of [n]: e, = > _x#Plocks(m) Then, H, = x("2 )HZ:1 k!

E.g. Derangements of [n]: d, = #{o € S, | fp(c) = 0}. H, = [],_,(k!)?
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B1z?

1—a1z—

3r2°

2
=mg+mz-+ myz"—+ ...
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C(z) = =mo+ mz+mz’+...

B1z?

Baz?
1—a1z—

Perspective 2: Orthogonal polynomials

Po(x) =1, Pi(x)=x—ag, Par1(x)=(x—an)Pn(x)— BrPr-1(x)

Stieltjes, Favard, Shohat, ...

20/39



Consequences: (1) New Interpretations

Koeloel

g-Racah Lesle
/1N Swarttovw
/ N\
/ X
v N
- # i .
Big
) g-Hahn | Dual g-Hahn
g-Jacobi \
7/ \ N N\
2 T\ £ N N N\
> 7 \ N \
% / N\ / N X
2 Vi R W \ 3% AN
Little . Quantum Affine Dual
E-Melxner

B g-Krawtchouk
g-Jacobi

g-Krawtchouk g-Krawtchouk | | g-Krawtchouk

Al ‘
cm Pollaczek

q-Jacobi H qg-Laguerre
/

N L\ / L / L
Continuous | [ Continuous ’—l:m-l& — TaBasdl | 5 -Al-Salam- Al-Salam
| ] g-Laguerre g-Bessel g-Charlier a .

big g-Hermite | | g-Laguerre g-Laguerre Carlitz | Carlitz 1l
Ny / / e ; /
1 7 S /
£ L™ e /
Continuous ‘ Stieltjes |+ Discrete
g-Hermite Wigert g-Hermite | Jttermive

Corteel & Williams '11/'12:

m, =

(abcd; ¢) o . (—1)"" n\ [1-q\" Z
(g, ab, ac, ad, bc, bd, cd; @)oo L 2 N-t(aB — véq’)’
21/39
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Consequences: (1) New Interpretations

Koeloek

|

|

,\m-y.w.m,.\] | g-Racah ‘ L:s\:s
d B ]
i ’ /| Swavttoow
A /
/ ~ , . ;
Continuous Continuous Big
g-Hahn Dual g-Hahn
dual g-Hahn g-Hahn g-Jacobi
" abeg \ s \ N
o bes g P
g / \ / \ %
\ S
P — / N Nt \ N
Al-Salam | [g-Meixner | [ Continuous Big Little ) Quantum | [ Affine Dual
5 - g-Meixner g-Krawtchouk
(e Pollaczek g-Jacobi g-Laguerre g-Jacobi becel g-Krawtchouk | |g-Krawtchouk| | g-Krawtchouk
o ey AT :
\ \/ [ /o N N I Z
Continuous | [ Continuous Little ) Al-Salam Al-Salam
] ] g-Laguerre g-Bessel g-Charlier = 5
big g-Hermite | | g-Laguerre g-Laguerre a=o o= | Carlitz | Carlitz 11
N\ a=o A=t 7 s 7
\ / o /
\ / pd P4 P ,,
/ y g Y
N 7 / T e P /
Continuous Stieltjes |+ Discrete Discrete
g-Hermite Wigert g-Hermite | g-Hermite I

B. & Steingrimsson '21

m, = Z aiIe(U)bnile(cf)Cie(a)—ile(cf)dnie(cf —nile(o fllae(o' nilae(c) hiae(o)—ilae(a)

Eniae(a)—nilae(o)pexc(a)—le(rr)raexc(o)—lae(a)sle(o) tlae(o) ufp( ) iefp(o )Z 1 /39



(2) New lines of attack

Definition. Permutation pattern: m € S, and a containment rule

Example: m = 1324 classical, consecutive, or vincular

X

01 02 03
Classical Consecutive Vincular 13 — 24

Let Av,(n) := # permutations on [n] avoiding .

22/39



Let Av,(n) := # permutations on [n] avoiding .

Theorem (Simion & Schmidt '85).
For any classical pattern 7 of length 3,

Avn(n) = n%l-l <2nn>'

Conjecture (Stanley-Wilf) / Theorem (Marcus & Tardos '04)
For any classical permutation pattern 7,

(Avz(n))Y" = c; >0 as n— oo.

23/39
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Let Av,(n) := # permutations on [n] avoiding .

Theorem (Simion & Schmidt '85).
For any classical pattern 7 of length 3,

Avn(n) = n%l-l <2nn>'

Conjecture (Stanley-Wilf) / Theorem (Marcus & Tardos '04)
For any classical permutation pattern 7,

(Avz(n))Y" = c; >0 as n— oo.

Only 3 symmetry classes for patterns of length 4:

1234 Gessel '90 (exact) ‘ 1342 Bona '97 (exact) ‘ 1324 wide open, ¢ =7
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Theorem (Rains '98). Let m =123... k classical (k € N). Then,

Av,(n) = Eyeur (| Tr(U)?|").

Conjecture (B. & Steingrimsson, Guttmann & Elvey Price).
For any classical pattern 7, (Av.(n)), is a moment sequence.

Numerical evidence for patterns of length 4. Bostan, Elvey Price,
Guttmann, Maillard '20

Numerical evidence for patterns of length 5: Clisby, Conway, Guttmann,
Inoue 21+
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C(2) = Cab,c,d,frg,htopr,s,touw(Z) =

6122
1—apz —
Baz?
1—a1z—
with
ap=uw"+s[nlap+ t[nlrg, Bn = prilnlcd[nlne

Theorem (B. & Steingrimsson, '21) For any pattern of length 3
(classical, consecutive, vincular), (Av.(n)), is a moment sequence

= > ,50Avx(n)z" is a special case of C(2).

25/39



Refines further:

Corollary Set s = gx, p = x, all other parameters = 1,

C(Z) = Z Z Xdes(a)qoccsm(a)zn.

n>00€S,

(Previously in Elizalde '17.)

Corollary Set b=d =g =1=q,s = gx, p = u = x all other parameters
= 1,

C(Z) _ Z Z Xdes(o)-ﬁ—lqocq,gl(a)zn.

n>0c0€S,

(Previously in Claesson & Mansour '02.)

26 /39



(3) Further generalizations

Sn >< % Permutations
/< Signed permutations
N

BI‘I X \
A

>

ZkZSn >< \

>

X

k-colored permutations

Steingrimsson '94 defines fixed points, excedances, anti-excedances,

and inversions.

27/39



Corollary (B. & Steingrimsson '21)
Fors=p=kx, t=r=ky,u=(k—1)x+ q (all other parameters =1),

C(Z) _ Z Z Xexc(a)yaexc(a)qfxpt(a)zn.

n>0 oeSk

(Refines further.)

Corollary (B. & Steingrimsson '21)
FOra:C:h:r:q,b:f:d:é:t:qzlg:W:O,p:u:]_,

s=2q,

C(Z) _ Z Z qinv(o)zn.

n>0oecSk

Recovers Biane '93 for k = 1.
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(4) New definitions

Definition (B. & Steingrimsson '21)
k-arrangement: o € S, and a k-coloring of the fixed points in o (k € Np)

k=0 >< % Derangements
X
X

Same form of CF, replace uw” by (uy + ...+ ug)w".

Permutations

>

Arrangements (Comtet '74)

>4

Decorated permutations
(Postnikov '06)

XX

\/ L

~~ Same 14 statistics + distinguishes the color of the fixed points.
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Ac(n) 1, n=20
kln):= .
#k-arrangements on [n], n€N

Easy Proposition:

o Ai(n)=nAx(n—1)+ (k—1)".

k 1
1 k
o Ai(n) =perm [1 1
Do 1
1 1 1 k
e Ai(n) = Z (7)Ak1(l)
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Fix a classical permutation pattern 7 of length 3. Let:
Av,(n; k) := #k-arrangements on [n] avoiding 7.

Proposition (Simion & Schmidt '85)

Avy(m1)=C, = 1 <2n)

Proposition (B. & Steingrimsson '21)

Avr(m;2) = Coia
Ceonjeeture{B—& Steingrimssen—21 Theorem (Fu, Han, Lin "20)

Avi(m;3) = Chyo — 2"
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Proposition (B. & Steingrimsson, '21)

(oo}

#k-arrangements on [n] = / x"Me—x+(k=1)

k—1

0.8

0.4

0.2}

Positivity previously observed for:

e k =0: Martin & Kearney '15
e k =2: Ardila, Rincén, Williams '16 (# positroids)

dx
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(2) Revisited: a closer look at descents and consecutive

permutation patterns

Recall the descent set of a permutation o € S,;:

DES(0) := {i € [n— 1] | o(i) > o(i + 1)}

The number of permutations #o € S, with

DES(oc)={a <o <...<c}

s« ((3))
bi) ) 1<ijenin
where

(31, ey ak+1) = (Cl, voey Ch, I’l) and (bl, ey bk+1) = (0, Clyovny Ck).
MacMahon 1908

Non-intersecting paths (Gessel & Viennot '85), determinantal point

processes (Borodin, Diaconis & Fullman '10),...
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Observation: a descent is the consecutive pattern 21.

What if we keep track of occurrences of a given consecutive pattern?

Less tractable than descents!

Partial results by Elizalde & Noy '03, Elizalde & Noy '12, Beaton,
Conway, Guttmann '18
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Example Count o € Sg with occurrences of the pattern 1324 in positions

1,3,5.
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Example Count o € Sg with occurrences of the pattern 1324 in positions

1,3,5.

(324 , 132y

1324
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Example Count o € Sg with occurrences of the pattern 1324 in positions

1,3,5.

(324 132y

| s|l2z2 |6 317 4 §

1324

2

Answer (for 1324, overlaps of size 2) Catalan numbers C,_1,
where n is the number of occurrences.
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1324 with overlaps 2:

1 2n
2n+1\ n
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1324 with overlaps 2:

1 2n
2n+1\ n

. 1 3n
13425 with overlaps 2: 2n+1< n)
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1324 with overlaps 2:

1 2n
2n+1\ n

1
13425 with overlaps 2: il <3nn>
1 4
1345267 with overlaps 3: 1 ( nn)
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1324 with overlaps 2:

1 2n
2n+1\ n

1
13425 with overlaps 2: il <3nn>

1 4
1345267 with overlaps 3: 1 ( nn)

1 /5
134562789 with overlaps 4: n
dn+1\ n
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Result (B., Steingrimsson, Kammoun '21+4) Fix a consecutive
permutation pattern. Fix the positions of occurrences. Obtain a general
recursive formula for enumerating permutations with patterns occurring

in prescribed positions.

Allows us to formulate . ..
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Result (B., Steingrimsson, Kammoun '21+4) Fix a consecutive
permutation pattern. Fix the positions of occurrences. Obtain a general
recursive formula for enumerating permutations with patterns occurring
in prescribed positions.

Allows us to formulate . ..

Conjecture For a fixed pattern and occurrences at regular intervals, the
enumerating sequence is a moment sequence.

— The “right” way to look at positivity for consecutive permutation
patterns.
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Conclusion (for now)

Multiparameter combinatorial frameworks can:

e unite

e distinguish

e explain

e suggest new definitions and

e new points of view on familiar things
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