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Feasible regions on classical patterns

The feasible region

oce(m, o) = #{classical occurrences of « in g}/<|a|>_
™

clPy = {7 € [0,1]*||o™| = oo and occ(m,o™) — ¥, V1 € A}

3z (1237) Geliase) e 0% (239

"ol T | "

- £ 5t
- /

Figure: To each well-behaved sequence of permutations it corresponds a
point in the feasible region.
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The feasible region

Theorem (Glebov et.al. 2014, Vargas 2014)

The dimension of the feasible region is bounded below by the number
of indecomposible permutations, and bounded above by the number of
Lyndon permutations.

v

Conjecture

The dimension of the feasible region is precisely the number of Lyndon
permutations.

v
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Feasible regions on consecutive patterns

Consecutive patterns
¢-oce(m, o) = #{consecutive occurrences of 7 in o} /|o|.

P, = {7 €0, l]SkHam] — oo and ¢-oce(m,0™) — Tr, V7 € Si}
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Figure: The feasible region P; lives in the 6-dimensional space, but is a
4-dimensional polytope.
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Consecutive occurrences feasible regions

Figure: The overlap graph for k£ = 4 controls the feasible region P;.

Theorem

The feasible region is the cycle polytope of the overlap graph. It has

dimension k! — (k — 1)!, and the vertices are indexed by simple cycles
of this graph.
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Restricted feasible regions

Restricted feasible regions

Main ingredient: a permutation class Av(B).

PP = {v|o™ € Av(B), |0"™| — oo and ¢-occ(m, 0™) — Ur, VY € Si}.

If we let our sequence of permutations vary on a permutation class, we
get a smaller, restricted feasible region.
We study the geometry of this region.
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Restricted feasible regions Description of 321 and 132

Restricted feasible regions - geometry

Figure: The restricted feasible region for B = {321} and k = 3 lives in a
5-dimensional vector space (because there are 5 permutations in Avs(321))
and is a 3-dimensional polytope.

We can find a full description of this reagion for B = {7}, where 7 is a
monotone permutation, or when |7| = 3.
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Restricted feasible regions Description of 321 and 132

Restricted feasible regions - geometry
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Figure: The restricted feasible region for B = {312} and k = 3 lives in a
5-dimensional vector space (because there are 5 permutations in Avs(312))
and is a 3-dimensional polytope.
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Restricted feasible regions - general results

Theorem (BP, 2021)

Whenever Av(B) is closed for the operation @ or ©, we have that PP
is a closed, convex set with dimension:

dim PP = | Av(B)| — | Avi_1(B)] .

Is it a polytope? We don’t know!
Particular case of notice: if B is a singleton.
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Other questions on feasible regions

@ Can we find triangulations of these polytopes? What are the
volumes of these polytopes?

@ Other particular cases of restricted feasible regions - it seems to
work whenever Av(7) has a structure of recursive tree.

@ Is the restricted feasible region always a polytope?
@ Dimension conjecture for classical patterns.
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Further work

Thank you
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