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Conjugation invariance

Definition (Conjugation invariance)

σn is conjugation invariant if ρ−1σnρ
d=σn for any ρ ∈Sn.

Definition (Ewens distribution)
Let θ ≥ 0. If σn ∼Ew(θ) then

P(σn =σ)= θ#(σ)−1∏n−1
k=1(θ+k)

.

#(σ) : total number of cycles of σ.

θ = 1: uniform distribution.
θ = 0: uniform distribution on permutations with a unique cycle.
E(#(σn))= 1+∑n−1

k=1
θ

θ+k ∼ θ log(n).
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Vincular Patterns

A vincular pattern of size p is a couple (τ,X ) such that τ ∈Sp and
X ⊂ [p−1]. Given σ ∈Sn, an occurrence of (τ,X ) is a list i1 < ·· · < ip
such that

ix+1 = ix +1 for any x ∈X .
(σ(i1), . . . ,σ(ip)) is in the same relative order as (τ(i1), . . . ,τ(ip)).

We denote byN(τ,X )(σ) the number of occurrences of (τ,X ) in σ.
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Vincular Patterns

Theorem ( Hofer (2017))
For any τ ∈Sp and any X ⊂ [p−1],

N(τ,X )(σunif ,n)− np−q

p!(p−q)!

np−q− 1
2

d−−−−→
n→∞ N (0,Vτ,X ). (1)

Here, q = card(X ) and Vτ,X > 0.

Féray gave a generalization for the Ewens distribution.
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Main result

Proposition

Suppose that for any n ≥ 1, σn is conjugation invariant random
permutation ofSn and the sequence of number of cycles (#(σn))n≥1
satisfies

#(σn)p
n

d−−−−→
n→∞ 0 (2)

Then, for any τ ∈Sp and any X ⊂ [p−1]

N(τ,X )(σn)− np−q

p!(p−q)!

np−q− 1
2

d−−−−→
n→∞ N (0,Vτ,X ). (3)
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Proof

Let
next(E) :={
ρ ◦ (i , j);ρ ∈E , #(ρ ◦ (i , j))=#(ρ)−1}∪ {ρ ∈E ;#(ρ)= 1

}
,

GSn : the directed graph with V =Sn and
E = {

(σ,ρ);σ ∈Sn,ρ ∈next({σ})
}

T : theMarkov operator associated to the uniform randomwalk
over GSn .
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Proof
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Figure: The transition probabilities of T onS3
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Proof

If σn is conjugation invariant, then T (σn) is also conjugation
invariant.
#(T n−1 (σn))

a.s= max(#(σn)−n+1,1)= 1.

Consequently, if σn is conjugation invariant, then:
T n−1(σn) is also conjugation invariant.
Almost surely,#

(
T n−1(σn)

)= 1.

Lemma
Let σ′

n be a random permutation, if
σ′

n is invariant under conjugation.
Almost surely,#(σ′

n)= 1.
Then σ′

n ∼Ew(0).

If σn is conjugation invariant then T n−1(σn)∼Ew(0).
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Proof

Lemma
Almost surely,

|N(τ,X )(σn)−N(τ,X )(T n−1(σn))| ≤ np−q#(ρn).

Let f (σ) := N(τ,X)(σ)− np−q
p!(p−q)!

np−q− 1
2

. We have then
∣∣f (T n−1(σn))− f (σn)

∣∣≤ #(σn)p
n

Féray proved that, f (σEw ,0)→N (0,Vτ,X ).
Conclusion: If #(σn)p

n
d−−−−→

n→∞ 0 then

∣∣∣f (T n−1(σn))− f (σn)
∣∣∣ d−−−−→

n→∞ 0.

If moreover σn is conjugation invariant then
f (T n−1(σn))∼ f (σEw ,0)→N (0,Vτ,X ) and then f (σn)→N (0,Vτ,X )
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your attention
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