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Counting Patterns

σ,π                     #σ(π)

#P-complete for large n=|π|, k=|σ|

[Bose Buss Lubiw 1998]

ETH  =>  not no(k / log k)

[Berendsohn Kozma Marx 2019]
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Can tell quasirandomness / independence

[Hoeffding 1948]  [Blum Kiefer Rosenblatt 1961]  [Yanagimoto

1970]  [Bergsma Dassios 2010]  [Král’ Pikhurko 2013]  

[Chan Král’ Noel Pehova Sharifzade Volec 2020]

So far best known: O(n2) time

[Weihs Drton Leung 2016]  [Heller Heller 2016]
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Bivariate Data

X, Y non-atomic random variables

(X1,Y1), (X2,Y2), ..., (Xn,Yn)  iid samples

Are X and Y

independent?

π( rank Xi ) = rank Yi

π = 2 6 3 5 1 4  
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Results

тn = #1234 + #1243 + #2134 + #2143

+ #3412 + #3421 + #4312 + #4321

Theorem E, Leng 2019  (SODA 2021)

тn is computable in O(n log n) time

Moreover, in O(n log n) time:

• Each one of these eight pattern counts

• A 23-dim subspace of 4-pattern combinations
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Corner Tree Formulas

1234 =                 4321 similar

2134 = ½          - ½         -

1243, 3421, 4312 similar
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Corner Tree Formulas

2143 =             - +

- 2             - 2             -

+⅓             - -½           -⅙
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