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Pinnacle Sets

The pinnacle set of a permutation π ∈ Sn is
Pinπ = {πi | πi−1 < πi > πi+1} ⊆ [2, n−1].

If π = 18524376 then Pinπ = {4, 7, 8}.

A set S is an admissible pinnacle set if there
is some permutation π with Pinπ = S.

Definition (Davis et al. [3])
Let p(m; d) to be the number of admissible
pinnacle sets with maximum m and
cardinality d .

We prove these constants are ballot numbers
through a bijection between admissible
pinnacle sets and ballot sequences.

Ballot Sequence
A (p, q) ballot sequence is a permutation
β = β1β2 . . . βp+q of p copies of the letter X
and q copies of the letter Y such that in any
nonempty prefix β1β2 . . . βi the number of
X ’s is greater than the number of Y ’s. Let

Bp,q = {β | β is a (p, q) ballot sequence}.

β = XXXYXXY X, β = XXYYXXY ×

Rachel Domagalski (MSU) Pinnacle Sets & Ballot Numbers June 16, 2021 2 / 4



arXiv:2105.10388 [math.CO] p(m; d) is a Ballot Number

A Bijection to Ballot Sequences
For nonnegative integers p > q, we have #Bp,q = p−q

p+q
(p+q

q
)

(see [1, 2]).

The Bijection
Let P(m, d) = {S | S admissible with max S = m and #S = d} so that #P(m, d) = p(m, d).
For m > 2d , define a map η : Bm−d ,d−1 → P(m, d) by sending ballot sequence
β = β1β2 . . . βm−1 to

η(β) = {i | βi = Y } ] {m}.

β = XXXYXXY ⇐⇒ {4, 7, 8} ⇐⇒ π = 18524376.

Well-Defined: Since β ∈ Bm−d ,d−1, the set {i | βi = Y } ⊂ [m− 1] with cardinality d − 1.
Admissible: Shown in [3] that S = {s1 < s2 < · · · < sd} is admissible ⇔ si > 2i for all i .
Here si is the index of the ith Y . Since β a ballot sequence, there are ≥ i + 1 copies of X .
Inverse: For S ∈ P(m, d), let η−1(S) = β1β2 . . . βm−1 where βi = X if i 6∈ S, Y
otherwise.

Rachel Domagalski (MSU) Pinnacle Sets & Ballot Numbers June 16, 2021 3 / 4



arXiv:2105.10388 [math.CO] Thank you!

Conclusion

This bijection with ballot sequences gives the exact
counts of the number of admissible pinnacle sets S with
maximum m and cardinality d .

Theorem
If m, d ∈ P with m > 2d , then

p(m; d) = m − 2d + 1
m − 1

(
m − 1
d − 1

)
= #Bm−d ,d−1.
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