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Global limits: permutons

Example

o; = 13579...(2j — 1)2468 .. . (2))




Global limits: permutons

Example

%

o7 = 13579...(2j — 1)2468 ... (2))

Definition (permuton)

Probability measure ;. on the o-algebra of Borel sets of the unit
square [0, 1]2 such that ; has uniform marginals:

p(la,b] x [0,1]) = p([0,1] x [a,b]) = b—a forevery 0 <a<b<1




Global convergence

Definition (pattern density)

Ifo € S, and 7 € Sk, and v(m, o) is the number of occurrences of 7 in o,
then p(m,0) = v(m,0)/(}).

v

Definition (convergence)
If |oj| — oo, then (0))jen is convergent if p(m, o) converges for every
pattern m.

Example

p(12,0)) = 4 — 3 p(12.. .k,a;) = (k+1)/2¢




Patterns at a given scale

Looking through a window:

Example (window of width 3)

e 1 has width 3

contains 15 occurrences of 1 =




Patterns at a given scale

Looking through a window:

Example (window of width 4)

contains 15 occurrences of 1 =

e 1 has width 3; 2 have width 4




Patterns at a given scale

Looking through a window:

Example (window of width 4)

contains 15 occurrences of 1 =
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e 1 has width 3; 2 have width 4




Patterns at a given scale

Looking through a window:

Example (window of width 5)

contains 15 occurrences of 1 =

e 1 has width 3; 2 have width 4; 3 have width 5




Patterns at a given scale

Looking through a window:

Example (window of width 5)

contains 15 occurrences of 1 =
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e 1 has width 3; 2 have width 4; 3 have width 5




Patterns at a given scale

Looking through a window:

Example (window of width 5)
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e 1 has width 3; 2 have width 4; 3 have width 5




Patterns at a given scale

Looking through a window:

Example (window of width 5)

o = ) contains 15 occurrences of 7 =

e 1 has width 3; 2 have width 4; 3 have width 5
e 6 have width at most 5

Pattern density at scale 5
* 34 possible choices of three points with width at most 5
e Density of 7 in o at scale 5: ps(7,0) = 6/34 = 3/17.




Convergence at a given scale

Typically, the scale (width of window) f = f(n) depends on n = |o;].

Definition (convergence at scale f)

If |oj| — oo, then (g})jen is convergent at scale f if p¢(7, o) converges
for every pattern .

Example (f < n)

<Ln

pf(12k,0']) — 1, 1ff<<n (n= |0']| =2])




Convergence at a given scale

Typically, the scale (width of window) f = f(n) depends on n = |o;].

Definition (convergence at scale f)

If |oj| — oo, then (g})jen is convergent at scale f if p¢(7, o) converges
for every pattern .

Example (f = n/2)

n/2 iy
5

pup(12,0) = 5 (n=|oj| = 2j)




Independence of limits at different scales

We can use inflation to give different limits at different scales.

w=123...k S=k...321
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Independence of limits at infinitely many scales

The tiered permutons g, ,

q tiers; upper p increasing; remainder decreasing

p23 = p3g = — |

Infinitely many limits
We can construct a sequence of permutations (;);en such that,
for each irreducible p/q € Q N (0, 1], we have

v

B., Independence of permutation limits at infinitely many scales. arXiv:2005:11568


https://arxiv.org/pdf/2005.11568

Main result

We may choose limits independently, in two directions, at a countably
infinite number of scales:

Theorem

Let {f; : t € N} be any set of scaling functions totally ordered by
domination.

For each t € N, let Z; and =] be any scale-specific limits.

Then there exists a sequence of permutations (7;);cy which converges
to Z; at scale f; for each ¢, such that (7']71)]~€N converges to =} at scale f;
for each t.

"For every f; # f, either f; < f; or f; < fi.




Questions

Which random permutons are scale-specific limits?

Sometimes we get the same limit at every scale f such that 1 < f < n.

Definition (scalable convergence)

If |oj| — oo, then (g})jen is scalably convergent if, for every pattern
there exists p, such that p¢(m, 07) — pr for every f such that 1 < f < n.

Can scalable limits be represented by random tiered permutons?




