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The search for universal permutations

Problems related to finding the smallest object containing all permutations
of a given size have been around for a while (see survey by Engen and
Vatter, 2021).

How big is the smallest permutation containing all n-element
permutations as subpatterns?

At least n2/e2, at most n2. (Arratia, 1999)

How big is the smallest permutation containing all n-element
321-avoiding permutations as subpatterns?

At most O(n3/2). (Bannister, Devanny, Eppstein, 2014)

How big is the smallest 321-avoiding permutation containing all
n-element 321-avoiding permutations as subpatterns?

At most n2. (Atminas, Lozin, Kitaev, Valyuzhenich, 2013)
Today: at least Ω(nα), for any α < 2. (A., Lozin, Malyshev, 2020)
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Bipartite permutation graphs

Look at the inversion graphs of 321-avoiding permutations. Those are the
bipartite permutation graphs.

Theorem (Lozin, Rudolf, 2007)

Any bipartite permutation graph on n vertices can be embedded into Hn,n:

Figure: The graph H4,4.
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Sketch of the proof

Lemma

Let H be a bipartite permutation graph containing all n-vertex bipartite
permutation graphs as induced subgraphs. Then |V (H)| = Ω(n3/2).

Idea: count the pairs of vertices in H. Show there are Ω(n3).

Find S of size linear in n, and for each d ∈ S , find two linearly sized
subsets X ,Y ⊆ V (H) with distH(x , y) = d for each x ∈ X , y ∈ Y .

A “rigid” structure:

q

p

y

x

q

p
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Thank you for your attention!
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