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Abstract. We study the enumeration of column-convex permutominoes, i.e. column-convex polyominoes defined by
a pair of permutations. We provide a direct recursive construction for the column-convex permutominoes of a given
size, based on the application of the ECO method and generating trees, which leads to a functional equation. Then we
obtain some upper and lower bounds for the number of column-convex permutominoes, and conjecture its asymptotic
behavior using numerical analysis.

Résumé. Nous étudions l’énumeration des permutominos verticalement convexes, c.à.d. les polyominos verticale-
ment convexes définis par un couple de permutations. Nous donnons une construction recursive directe pour ces
permutominos de taille fixée, basée sur une application de la méthode ECO et les arbres de génération, qui nous
amène à une équat ion fonctionelle. Ensuite nous obtenons des bornes superieures et inférieures pour le nombre de
ces permutominos convexes et nous conjecturons leur comportement asymptotique à l’aide d’analyses numériques.
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1 Introduction
In the plane Z×Z a cell is a unit square, and a polyomino is a finite connected union of cells having no

cut point. Polyominoes are defined up to translations. A column (row) of a polyomino is the intersection
between the polyomino and an infinite strip of cells lying on a vertical (horizontal) line. A polyomino
is said to be column-convex (row-convex) when its intersection with any vertical (horizontal) line of cells
in the square lattice is connected, and convex when it is both column and row-convex. For the main
definitions of these objects we refer to [6].

Let P be a polyomino without “holes”, i.e. a polyomino whose boundary is a single loop, and having
n rows and n columns, n ≥ 1; we assume without loss of generality that the south-west corner of its
minimal bounding rectangle is placed at (1, 1). We say that P is a permutomino if for each abscissa
(ordinate) between 1 and n there is exactly one vertical (horizontal) bond in the boundary of P with that
coordinate, and n is called the size of the permutomino. A permutomino can be equivalently defined by
two permutations of length n+ 1, denoted π1 and π2, as depicted in Fig. 1. For more detailed definitions
of permutations on permutominoes we refer to [4, 9, 11].
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= (1, 7, 5, 3, 8, 2, 6, 4) 2= (7, 5, 8, 1, 6, 3, 4, 2)π
1

π

Fig. 1: A permutomino and the two associated permutations.

Permutominoes were introduced in [15], and then considered by F. Incitti while studying the problem
of determining the R̃-polynomials associated with a pair (π1, π2) of permutations [13]. In recent years,
a particular class of permutominoes, namely convex permutominoes and their associated permutations,
have been widely studied [4, 9, 11]. The main enumerative results known about convex permutominoes
are the following:

i. the number of parallelogram permutominoes of size n is equal to the n-th Catalan number,

Cn =
1

n+ 1

(
2n
n

)
;

ii. the number of directed convex permutominoes of size n is equal to
(
2n−1
n

)
;

iii. the number of convex permutominoes of size n is:

2 (n+ 3) 4n−2 − n

2

(
2n
n

)
n ≥ 1. (1)

We point out that formula (1) was proved using analytical techniques independently in [5, 9], and a
bijective proof of (1) was given in [8].

We also recall from [4] that permutations defining convex permutominoes are strictly related with the
so-called square permutations (or convex permutations), recently considered by several authors [1, 10,
14].

Our aim is to deal with the enumeration of column-convex permutominoes. We determine a direct
recursive construction for the column-convex permutominoes of a given size, based on the application of
the ECO method [3] and generating trees [2], which leads to a functional equation. However we are not
able to solve the equation so as to obtain the generating function of column-convex permutominoes. We
are only able to obtain some upper and lower bounds for the number of column-convex permutominoes,
and conjecture its asymptotic behavior using numerical analysis.
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2 Generation of column-convex permutominoes
The ECO method [3] is a method for the enumeration and the recursive construction of classes of

combinatorial objects. It is substantially based on an operator ϑ, which constructs each object of a given
size in a unique way, starting from those of immediately lower size. The recursive construction determined
by ϑ can be suitably described by a generating tree [2], which then leads to a functional equation satisfied
by the generating function of the class.

In order to define the ECO construction for column-convex permutominoes, we classify the corners of
their boundary, using reentrant and salient points. So let us briefly recall the definition of these objects.

Let P be a polyomino. Starting from the lowest among the leftmost points of P , and moving in a
clockwise direction, the boundary of P can be encoded as a word of a four letter alphabet, {N, E, S,
W}, where N (resp. E, S, W) represents a north (resp. east, south, west) unit step. Any occurrence of a
sequence NE, ES, SW, or WN in the word encoding P defines a salient point of P , while any occurrence
of a sequence EN, SE, WS, or NW defines a reentrant point of P (see for instance, Figure 2).

Reentrant and salient points were considered for instance in [7], and it was proved that in any polyomino
the difference between the number of salient and reentrant points is equal to 4. Moreover, we observe that
the set of reentrant points of a convex permutomino of size n defines a permutation matrix of size n− 1.
This property it is not true for column-convex permutominoes. However it is easy to prove that in a
column-convex permutomino of size n we have exactly one reentrant point for each abscissa between 1
and n− 1.

h

w

d

Fig. 2: In the picture, the coding of the boundary of the permutomino starts from the circled point, and the reentrant
points are those denoted by squares.

Let Cn be the set of column-convex permutominoes of size n, and let P ∈ Cn; the number of cells in
the rightmost column of P is called the degree of P , and will be denoted by d(P ). Let the level of a cell
in P be the ordinate of its upper edge. Then we denote by w(P ) the level of the lowest cell of P minus
1 and by h(P ) the level of the uppermost cell of P (see Fig. 2); clearly h(P ) + d(P ) + w(P ) = n. To a
column-convex permutomino P we assign the label (h(P ), d(P ), w(P )) ((h, d, w), for brevity).

Now we define an ECO operator ϑ : Cn → 2Cn+1 which defines a recursive construction of all the
column-convex permutominoes of size n + 1 in a unique way from those of size n. The operator ϑ acts
on a column-convex permutomino performing some local expansions on the cells of its rightmost column.
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The operator ϑ consists in four operations denoted by α, β, γ, and δ, and below we give a detailed
description of each of them:

α

w w

h−1

d+2

d

h

Fig. 3: Operation α performed on a column-convex permutomino, adding a new column of length d+ 2. The added
cells have been highlighted.

w

α

w

h

d

h=0

d+h+1

Fig. 4: Operation α performed on a column-convex permutomino, adding a new column of length d+ h+ 1.

(α) for each i such that d + 1 ≤ i ≤ d + h + 1, operation α adds a column of length i next to the
rightmost column of the permutomino, starting from the bottom, and adds a cell to the top of each
cell at level w + i, in order to maintain the property of being permutomino, as in Figure 3. When
i = d+ h+ 1, no other cell is added, according to Figure 4.

It is clear that the resulting polyomino is a column-convex permutomino of size n+ 1, and that the
rightmost reentrant point in such a new permutomino is always of type EN.

(β) is performed on each cell of the rightmost column. So let qi be the ith cell of such a column, from
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bottom to top, with 1 ≤ i ≤ d. Operation β adds a cell to the top of each cell of the row containing
qi, and a new column made of i cells on the right of qi, as illustrated in Figure 5.

It is clear that, for any i, the obtained polyomino is a column-convex permutomino of size n + 1,
and its rightmost reentrant point is of type SE.

w

dd

h+1

β

h

w

Fig. 5: Operation β performed on the highlighted cell of a column-convex polyomino. The added cells have been
highlighted.

(γ) is performed on each cell of the rightmost column. So let qi be the ith cell of such column, numbered
from bottom to top, with 1 ≤ i ≤ d. Operation γ adds a cell on the top of each cell of the row
containing qi, and a new column made of d− i+ 1 cells on the right of qi, as illustrated in Figure 6.

It is clear that, for any i, the obtained polyomino is a column-convex permutomino of size n + 1,
and its rightmost reentrant point is of type WS.

d

w+2

h

γ
1

w

h

Fig. 6: Operation γ performed on the highlighted cell of a column-convex polyomino. The added cells have been
highlighted.

(δ) for each i such that 1 ≤ i ≤ w + 1, operation δ adds a column of length d+ i next to the rightmost
column of the permutomino, starting from the top, and adds a cell to the bottom of each cell at level
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w − i+ 1. When i = w + 1, no other cell is added, see Figure 7.

It is clear that the resulting polyomino is a column-convex permutomino of size n+ 1, and that the
rightmost reentrant point in such new permutomino is always of type NW.

h h

d+2

w=0

d

h

w

δ

w

d+1

Fig. 7: The two column-convex permutominoes produced through the application of δ to the permutomino on the
left.

The proof of the following statement is then straightforward.

Theorem 2.1 Any column-convex permutomino of size n ≥ 2 is uniquely obtained through the applica-
tion of the operator ϑ to a convex permutomino of size n− 1.

Formally, the application of ϑ to a column-convex permutomino with a generic label (h, d, w), produces
2d+ h+ w + 2 column-convex permutominoes according to the following succession rule:

(h, d, w) α  (h− i+ 1, d+ i, w) 1 ≤ i ≤ h+ 1
β  (d+ h− i+ 1, i, w) 1 ≤ i ≤ d
γ  (h, i, d+ w − i+ 1) 1 ≤ i ≤ d
δ  (h, d+ i, w − i+ 1) 1 ≤ i ≤ w + 1.

These have root (0, 1, 0), which is the label of the one cell permutomino.

3 Enumeration of column-convex permutominoes
The previous succession rule can be suitably represented by means of a generating tree, which is a

rooted tree where the objects at level n are the labels of the column-convex permutominoes of size n.
Thus, the root is (0, 1, 0), and the sons of a generic label (h, d, w) at level n are given by the succession
rule production. The number fn of column-convex permutominoes of size n is then given by the number
of objects at level n of the generating tree.
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Let C denote the set of all column-convex permutominoes. Our aim is to determine the generating func-
tion:

F (x, y, z) =
X
P∈C

xh(P )yd(P )zw(P )

= y + xy + yz + 2y2 + 3x2y + 2xyz + 3z2y + 4xy2 + 4zy2 + 6y3 + . . .

where, in particular, F (y, y, y) is the generating function of column-convex permutominoes according to
size. Using the succession rule, and standard methods, we can write

F (x, y, z) = y +
X
P∈C

xhyd+1zw + . . .+ x0yd+h+1zw +
X
P∈C

xd+hy1zw + . . .+ xh+1ydzw

+
X
P∈C

xhyzd+w + . . .+ xhydzw+1 +
X
P∈C

xhyd+1zw + . . .+ xhyd+w+1z0,

and then, after some calculation, we obtain the following functional equation

F (x, y, z) = y +
yz

z − y F (x, z, z) − y2

z − y F (x, y, y) +
xy

x− y F (x, x, z) − y2

x− y F (y, y, z). (2)

From this equation we are able to compute the first terms of sequence fn:

1, 4, 22, 152, 1262, 12232, 135544, 1690080, 23417928, 356958816, 5936071344, 106944112320,
2074955738160, 43135041684288 . . .

Indeed, we have obtained the first 200 coefficients, and report on their analysis in Section 3.3. We
have not been able to solve the equation, or to find a closed formula for the number of column-convex
permutominoes. In the following sections we add some combinatorial considerations, and give upper and
lower bounds. We remark that from the ECO construction it easily follows that F (x, y, z) = F (z, y, x);
this fact does not help us, however, in solving (2).

3.1 Directed column-convex permutominoes

A simple lower bound is given by the number of directed column-convex permutominoes. Let us de-
fine the ECO operator ϑ′ as the operator which performs the operations α, β, and γ defined before, but
not operation δ. Starting from the one cell permutomino, the operator ϑ′ generates all column-convex
permutominoes which do not contain any WS reentrant point; that is to say, the column-convex permu-
tominoes which are north-west directed (briefly, directed, see Fig. 8 (a)). Let G(x, y, z) be the generating
function of directed column-convex permutominoes. This time, using the operator ϑ′, and the associated
succession rule, we can obtain the following functional equation for g(y) = G(y, y, y):

g(y) = 2y g(y) + y2g′(y) + y ,

and then we readily find that the number of directed column-convex permutominoes of size n is (n+1)!
2 .

We also have a simple bijective proof of this fact.
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(a) (b)

Fig. 8: (a) A directed column-convex permutomino; (b) A column-convex permutominide.

3.2 Column-convex permutominides
To provide an upper bound, we need to introduce another combinatorial object, the column-convex per-

mutominide. Without going further into formal definitions, a column-convex permutominide of size n is
substantially a polyomino whose boundary is allowed to cross itself, while the columns remain connected,
and with exactly one edge for every abscissa and exactly one edge for every ordinate between 1 and n,
see Fig. 8 (a). These objects have been treated and enumerated, according to size, in [8].

To a column-convex permutominide P of size n we associate a side permutation π(P ) of length n+ 1,
as follows: Among the two horizontal edges of P starting from the left side of the minimal bounding
square there is only one with length 1, and its ordinate is denoted π(1). Now, removing this edge, there
is one horizontal edge for each abscissa between 1 and n, so let π(i+ 1) be the ordinate of the edge with
abscissa i. For instance, the side permutation associated with the column-convex permutominide depicted
in Fig. 9 (b) is (3, 7, 1, 9, 2, 4, 8, 5, 6). The reader can easily observe that the permutation π(P ) does not
uniquely determine P ; in fact, we have the following:

Proposition 1 Given a permutation σ of size n + 1, there are 2n−2 column-convex permutominides of
size n having σ as side permutation.

Proof: Let us fix a set Γ ⊆ {4, . . . , n + 1}. We want to prove that σ and Γ uniquely determine a
column-convex permutominide. Let us consider the points (1, σ(1)), and (i, σ(i)), for i > 1. We will
write σ(i) to mean the point (i, σ(i)). Now we join σ(1) with σ(3) and, from left to right, all the points
σ(i), with i ∈ Γ, until we reach the right side of the minimal bounding square, see Fig. 9 (a). Now the
permutominide of size n is uniquely determined, see Fig. 9 (b). 2

The following statement then readily follows:

Proposition 2 The number of column-convex permutominides of size n is 2n−2(n+ 1)!

This number is an upper bound on the number of column-convex permutominoes. Using combinatorial
arguments, we may slightly refine this upper bound. For instance, if P is a permutomino then π(2) must
not be between π(1) and π(3).
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(b)

σ(8)

σ(7)

σ(4)

σ(3)

σ(2)

σ(1)σ(1)

σ(2)

σ(3)

σ(4)

σ(7)

σ(8)

(a)

Fig. 9: (a) The path obtained connecting σ(1) with the points belonging to the set Γ = {4, 7, 8}; (b) The column-
convex permutominide determined from σ and Γ.

3.3 Final remarks
Our bounds allow us to write that for sufficiently large values of n we have:

(n+ 1)! < fn < (n+ 1)! 2n .

The upper and lower bounds suggest that an exponential generating function is likely to be appropriate,
and so we applied the simplest possible analysis. Using the first 200 terms of the sequence {fn}, we
simply calculated the sequence f̃n = fn/(n+1)!, and then calculated the ratio of successive terms of this
new sequence, viz. f̃n/f̃n−1. We found this sequence converges very rapidly to a constant, which we find
to be

h = 1.385933275998194253860621814882515 . . . .

This suggests that
fn ∼ k (n+ 1)!hn , (3)

where we estimated the value of k by the simple expedient of constructing the sequence fn/(n+1)!/hn.
Again we obtain a rapidly convergent sequence, and estimate that

k = 0.34191113152179550788392501698973 . . . .

Detailed study of the rate of convergence suggests that it is exponential. Exponential convergence is one
manifestation of a second singularity beyond the radius of convergence. We investigated this possibility by
using differential approximants [12] to study the sequence {f̃n}. This study shows a dominant singularity
– a simple pole – at 1/h ≈ 0.72153572588, plus a second singularity at 1. The nature of the second
singularity is less clear. It appears to be a confluent singularity. Its presence and nature indicates that
the generating function, or indeed the exponential generating function, while having simple dominant
asymptotics, has some subdominant terms that are more subtle.

We have attempted to study this sub-dominant singularity as follows: Given that we know the position
of the dominant singularity, and its amplitude, very precisely, we can largely subtract it, and investigate the
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remaining series. So we formed the sequence dn = f̃n−k×hn, using the values of k and h given above.
Assuming that the sub-dominant singularity of the generating function for f̃n is precisely at 1, as our
above analysis suggests, we then expect dn ∼ e× ng, where e is a constant. If that is the case, it follows
that we can construct a sequence of estimators for g from the sequence dn/dn−1 = 1 + g/n + o(1/n),
so the sequence n(dn/dn−1 − 1) should provide a sequence of estimators of g. In this way we find
g ≈ −1.272 where the last digit is in doubt. Indeed, we cannot really exclude that the correct value
of this exponent is a simple rational fraction, such as −5/4, or it may be something bizarre, such as
− log(

√
2 − 1)/ log(2) = 1.2715 . . . . Then e can be estimated by forming the sequence dn/ng, and in

this way we estimate e ≈ 0.6625. Putting together the pieces of our analysis, we conjecture that

f̃n ∼ k × hn + e× ng.

It is natural to investigate the possibility that h is an algebraic number. We have been unable to find a
simple polynomial of degree less than 25 with h as a root which suggests that it is not a simple algebraic
number. Further investigation using interactive solvers that seek representations in terms of a variety of
transcendental constants and their powers, as well as logarithms and Dirichlet functions has also been
unsuccessful.

To solve equation (2) or to give a proof of (3) are open problems.

The form for fn given by (3) suggests that formulating the problem in terms of the exponential gener-
ating function may prove useful. If we write

E(t, x, y, z) =
X
P∈C

th(P )+d(P )+w(P )xh(P )yd(P )zw(P )

(h(P ) + d(P ) + w(P ))!

= ty +
t2

2
(xy + yz + 2y2) +

t3

6
(3x2y + 2xyz + 3z2y + 4xy2 + 4zy2 + 6y3) + . . .

then by the same method used for (2), we obtain

∂

∂t
E(t, x, y, z) = y +

yz

z − y E(t, x, z, z) − y2

z − y E(t, x, y, y) +
xy

x− y E(t, x, x, z) − y2

x− y E(t, y, y, z).

(4)

Unfortunately this equation seems no more tractable than (2).
It may be the case that there exists a different method for constructing column-convex permutominoes.

One possibility involves adding the horizontal bonds, one column at a time, from left to right (column-
convexity implies that there are precisely two horizontal bonds in each column). If the bonds in column
i are at heights ai and bi, with ai > bi, for columns i = 1 . . . k, then the bonds in column k + 1 must
satisfy either

• ak+1 = ak and bk+1 6= a1, . . . , ak, b1, . . . , bk; or

• bk+1 = bk and ak+1 6= a1, . . . , ak, b1, . . . , bk.

While we have not been able to obtain an enumeration via this method, we note that the corresponding
version for column-convex permutominides uses the slightly relaxed rules
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• ak+1 = ak or bk and bk+1 6= a1, . . . , ak, b1, . . . , bk; or

• bk+1 = ak or bk and ak+1 6= a1, . . . , ak, b1, . . . , bk.

In this case an enumeration readily follows, and agrees with the result of Proposition 2.

From another perspective, we remark that column-convex permutominoes are an interesting class of
permutominoes, since they show some features that make them different from the other classes of permu-
tominoes previously studied.

In fact, we have seen that the generating functions of the classes of previously considered permu-
tominoes are of the same nature (i.e. rational or algebraic) as the corresponding class of polyominoes
(enumerated according to the semi-perimeter). So, for instance, the classes of convex, directed-convex,
parallelogram permutominoes have algebraic generating functions, while the classes of stack, centered
permutominoes have rational generating functions. Using the previously stated result, we are led to think
that, while the class of column-convex polyominoes is an algebraic class [6], the class of column-convex
permutominoes has a transcendental generating function. The reason for this distinction probably arises
from the fact that, in passing to column-convex permutominoes the relation:

size of the permutomino P = 2 semi-perimeter of the permutominoP ,

holding for convex permutominoes, now fails. Thus, it would also be interesting to enumerate column-
convex permutominoes according to the semi-perimeter, but in this case the ECO construction we have
given is not helpful.
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